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A bstract

We propose a novel approach to the analysis of  the co­
herent synchrotron radiation (CSR) effect on beam  dynam­
ics in energy-recovery linacs (ERL). Since an ERL retum- 
arc consists of  a large number of  dipole and quadrupole 
magnets, it is not a practical way to search an optimum de­
sign by time-consuming particle simulations. We show that 
a first-order transfer matrix can be applied to calculate the 
emittance growth due to the CSR  in the linear regime. The 
optimum design of  ERL arcs such as triple-bend achromat 
lattice is easily obtained by matrix calculation. As an ex­
ample, optimization of  a 3GeV  ERL arc is presented.

I N T R O D U C T I O N

Dilution of  electron beam emittance caused by coherent 
synchrotron radiation (CSR) at a bending path has been a 
critical problem in the design o f  bunch compressors for X- 
ray free-electron lasers (XFEL) and return arcs for energy- 
recovery linacs (ERL) since the problem was pointed out 
by Derbenev and Carlsten[l]. Many studies have been 
devoted to this problem by experimental[2], analytical [3], 
and numerical approach [4] •

Figure 1 : Energy modulation induced by CSR wake poten­
tial results in emittance dilution at the bend exit

Figure 1 is a schematic view  to show the emittance dilu­
tion by CSR. When an electron bunch travels in a bending 
path, CSR wake potential induces energy modulation in the 
bunch. Since the energy modulation for each electron de­
pends on its longitudinal position in the bunch, displace­
ment of electrons appears at the bending exit, which is the 
dilution of beam  emittance. It should be noted that the lon­
gitudinal CSR wake depends little on the transverse posi­
tion of  electrons, and the emittance of each beamlet, that is 
slice emittance, is reserved, while the projection emittance 
is diluted by CSR. In the ERL light sources, the property 
of synchrotron radiation and undulator radiation is a strong

function of the projection emittance, thus, the dilution of 
the projection emittance is a critical phenomenon.

Analyses of the CSR-induced emittance dilution have 
been conducted by numerical simulation. Several particle 
tracking codes have been developed for this purpose and 
contributed to the design of bunch compressors for SASE- 
FELs [4]. Since these simulation codes require long cal­
culation time, they are not suitable to search an optimum 
achromatic lattice of an ERL-loop by scanning a number 
of parameters such as angle and radius o f  dipoles, position 
and strength of  quadrupoles, sextupoles, beam  envelope 
matching to straight sections. We, therefore, propose an 
alternative method for the CSR analysis based on a matrix 
calculation, which provides a simple method to scan large 
number of  parameters and to optimize an ERL-loop[5].

L I N E A R  A N A L Y S I S  B Y  T R A N S F E R  

M A T R I X

A  first-order equation of electron motion in a uniform 
field of a dipole magnet is

…
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where the variables are x  the deviation of an electron from 
the ideal path in the bending plane, x 〃 second-order deriva­
tive of x  with respect to a coordinate along the ideal path 
5, p the bending radius, and <5。the initial momentum de­
viation at 5 =  0 normalized by the reference momen­
tum. The last two terms on the right-hand side have been 
added to calculate the CSR effect: ĉsr the normalized mo­
mentum deviation caused by CSR in the upstream path 
(0 <  5 <  50), s =  30 the entrance of the bending mag­
net, n — W /Eq  the normalized CSR wake potential in the 
bending path defined by CSR wake potential W  and the 
reference energy Eq.

We assume in the following discussion that ( 1 ) all the 
bending magnet have the same bending radius, (2) an elec­
tron bunch keeps constant longitudinal profile, (3) tran­
sient CSR effect at the entrance and exit of magnets is not 
large. These assumptions are valid for high-energy ERL 
light sources.

Under the above assumptions we can attribute the nor­
malized CSR wake potential to individual electrons, and 
the electron motion is uniquely specified by a vector

f  (勿) = (x ,x f,5Q,5Cs R ^ ) T ⑵
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Tracking this vector according to E q.(l) can be made by 
using first-order matrices.
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Given an initial vector at the entrance of a bending mag­
net, s ニ 5o, we can solve the electron trajectory through 
the bending magnet and find a vector at the bending exit, 
s =  S\：

ニ Rbend ^(^o) (3)

The transfer matrix of a sector bending magnet is derived 
by Green’s function method[6 ]:
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This is an extension of a well-known 3x3 R-matrix used in 
beam transport analyses with momentum dispersion. Sim­
ilar matrices are obtained for a quadrupole and a drift, and 
the electron motion along a beam transport system can be 
calculated from these R-matrices.

The deviation of electrons from the design trajectory due 
to initial momentum error is described by momentum dis­
persion function:

( V x ( s i ) 1 0 0 )

= 只o—i (Vx(so)  1 0 0) ] ⑶

DaceThe deviation of each electron in the (x, x f) phase spa< 
due to the initial momentum error is expressed by d =  
(如 如 ，SoVx)-

Following this style, we introduce a CSR wake disper­
sion function, Cc(め，to track off-axis motion due to the 
CSR effect:

(Cx(^i) C ( ^ i ) 0 L b(Sl) i f

= 丑0—1 (Cx(so) Cx(so) 0 L b(s0) 1)T (6)

where Lb(si )  is the total bending path length for 0 <  
s <  Si, and has a relation 5c s r  — The devia­
tion of each electron due to the CSR effect is expressed

Energy spread caused by CSR is calculated for a Gaus­
sian bunch:

A E rr] 0.22
eQLb
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where Q  is bunch charge, a s is rms bunch length. This 
energy spread results in the deviation of bunch slices in the 
(x, x f) phase space after a bending path:

( D ,D ’) =  (A nrmsCx , AhirmsC^) • (8)

A / ^ r m 5  =  ^ E r r n s / E q / L b  . ( 9 )

Unnormalized emittance at an arbitrary position along a 
beam transport is obtained by

s 2 — (^oPx +  の2)(どo7 x D r ) — {sqolx — D D f)2 , ( 1 0 )

where (a^, /3X, ^x) are Courant-Snyder parameters, £q is 
the initial emittance. Terms related to the initial momentum 
error have been dropped from eq.(10), because the emit­
tance is usually evaluated where the momentum dispersion 
is zero, rj =  rf =  0.

E M I T T A N C E  C O M P E N S A T I O N  I N  T H E  

L I N E A R  R E G I M E

The linear analysis derived in the previous section gives 
good aoproximation of electrons motion in high-energy 
ERLs, where x / p 《 1 and 5 《 1 . In this linear regime, all 
the bunch slices align on a single line at the exit of achro­
matic cell including bending paths as shown in Fig.2, and
3. These figures indicate that the projection emittance de­
pends on the orientation of the CSR kick and the phase el­
lipse, and has a minimum value, when the achromatic cell 
is designed so that the CSR kick coincides with the orien­
tation of the phase ellipse at the cell exit. We show that 
an achromatic cell for such minimum emittance can be de­
signed by matrix calculation.

Figure 2: Two-dimensional phase ellipse in the (x, x r) 
plane, and displacement of beam slices due to the CSR 
kick, (a ，冷，7 ) are Courant-Snyder parameters.

Figure 3: The CSR-induced emittance dilution becomes 
minimum, when the CSR kick coincides with the phase el­
lipse orientation.
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Figure 5: Betatron function p x, momentum  dispersion 
rjx and CSR wake dispersion (x o f  an optimized triple­
bend achromat. The envelope of the CSR wake dispersion 
matches the betatron envelope after the last bending mag­
net.

The emittance compensation in the optimized TBA  cell 
has been confirmed by particle tracking code ELEGANT in­
cluding CSR calculation. [7] We assume the initial elec­
tron bunch parameters as follows: central energy 3.07GeV， 
bunch charge Q =  770pC, normalized rms emittance 
どn,o =  O.lmm-mrad, longitudinal size a s =  30/xm (lOOfs), 
uncorrelated energy spread cte/ E q =  0.02% , and Gaus­
sian distribution of electrons in the 6D  phase space. Pro­
jection  emittance at the cell exit is calculated with scanning 
Courant-Snyder parameters at the cell entrance: —5.0 <  
a x <  3.0, =  0 .29m 一1.

Figure 6 shows the calculated projection emittance as a 
function of  a x at the third bend exit. It has been confirmed 
that the projection emittance is a function o f  the beam  en­
velope inside the TBA  cell, and the CSR-induced emittance 
dilution can be estimated precisely by matrix method. We 
also plotted simulation results including the transient CSR 
effect. It is found that the matrix approach gives an opti­

We consider CSR-induced emittance growth through a 
triple-bend achromatic cell (TBA) as a part of  an ERL-loop 
(Fig. 4).

Figure 4: A  triple bend acromatic cell: p  ニ 25m, 0 =  
3 +  6 +  3 = 12degree.

We can use the matrix method to search an optimum con­
figuration by scanning cell parameters. In the design, we 
keep isochronous condition, R^q =  0. Figure 5 shows be­
tatron and dispersion functions for a TBA  cell, which gives 
minimum emittance dilution. It shows that (3X and ( x have 
a similar envelope after the last bending magnet, which cor­
responds to the coincidence between the CSR kick and the 
beam  ellipse orientation in the (x, x f) phase space.

mum design for the emittance compensation even when the 
transient CSR is included.
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Figure 6: Emittance growth as a function of a x at the 3rd 
bend exit, lst-order matrix (solid line), particle tracking 
without transient CSR  (o), particle tracking with transient 
CSR (•) .

C O N C L U S I O N

We have shown an analysis of emittance dilution due 
to the CSR effect by using a first-order transform matrix 
method. Since the matrix approach enables us to scan a 
number of parameters quickly, it is widely applicable to 
the design optimization of  achromatic cells for ERL light 
sources. We have seen that the CSR-induced emittance 
growth in an achromatic cell of a 3GeV  ERL loop can be 
minimized by choosing an appropriate beam envelope in­
side the cell. This optimum cell design is easily obtained 
by matrix calculation.
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