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Abstract 

A helical quadrupole focusing channel has continuous field 
symmetry and stronger focusing power compared with a 
conventional FODO focusing channel. The good field sym­
metry allowed us to construct the explicit transfer matrix 
under the paraxial approximation. The paraxial analysis of 
the helical quadrupole focusing channel and the character­
istic of the point-to-point focusing are reported. 

1 INTRODUCTION 

A helical quadrupole focusing channel(HQFC) is a varia­
tion of a quadrupole focusing channel, which consists of a 
long quadrupole field continuously twisted along the beam 
axis. Its strong focus is adequate for a transport of a large 
emittance beam such as secondary particles. Because fo­
cal strength of HQFC, unlike that of a solenoid channel, 
depends on total momentum of a particle, it can be used 
as a momentum filter for a beam from a point-like source. 
In the conventional analysis, the HQFC has been treated as 
a series of rotating quadrupole blocks[1]. Accurate analy­
sis, however, requires a treatment in a magnetic field dis­
tribution that satisfies the Maxwell equation. The analysis 
and fabrication of a electrostatic helical quadrupole were 
reported in Ref. [2, 3, 4]. In the subsequent section, the 
field distribution of the HQFC, the analytic solution of the 
transfer matrix under the paraxial approximation and one 
of the focal characteristic are presented. The comparison 
with a FODO and a solenoid is described in Ref. [5]. 

2 HELICAL QUADRUPOLE FIELD 

In a free space, the helical quadrupole field satisfying the 
Maxwell equation is expressed by the following form using 
modified Bessel function 

.P(r, 0, z) 

and B 
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where k is 21r / L and L is the period of the magnetic field 
(the period of a pole is 2£). Figure 1 shows one of the 
pole surface of the helical quadrupole that is a equal poten­
tial surface of Eq. (1). The field component in cylindrical 
coordinate system is given as follows: 

Br(r,O,z) = 

B9(r, 0, z) = 

and Bz(r, 0, z) = 
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Figure 1: The pole surface of the helical quadrupole 
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Figure 2: r dependence of radial part of both helical and 
pure quadrupole fields: Br,B9,Bz and Bquad 

Figure 2 shows r dependences of the three components of 
the helical quadrupole field together with Br component 
of the pure quadrupole. Around the central axis, the he­
lical quadrupole field can be approximated by a rotating 
quadrupole with the angle of k2z radian. This paraxial ap­
proximation corresponds to the linear approximation. In 
order to examine the valid range of the linear approxima­
tion, we obtain following expansions by Taylor series: 

.Po (kr) 3 5 . 
Br = -4(kr + - 6 - + O(r )) sm (20- kz) , (6) 

.Po (kr) 3 5 
B9 = - 4 (kr + 12" + O(r )) cos (20- kz) (7) 

.Po 2 . (kr)4 6 
andBz = B((kr) + 12" + O(r )) cos (20- kz). (8) 

For a good linear approximation, the nonlinear terms in Br, 
B9 and Bz components have to be negligible compared 
with the pure quadrupole component. If 10% deviation is 
allowed for either Br or B9 component, the maximum r 
coordinate Tbore has to keep following condition: 

Tbore ;S 0.12£. 

Same limitation for Bz component is given by 

Tbore ;S 0.032£. 

(9) 

(10) 
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3 TRANSFER MATRIX OF HELICAL 
QUADRUPOLE FOCUSING CHANNEL 

Linearized transfer matrix of the HQFC will be derived in 
this chapter. The stability condition for the matrix is de­
duced by Eigenvalue analysis. 

3.1 Cell Matrix 

Considering the rotating characteristics of the HQFC's 
magnetic scalar potential, a transfer matrix from location 
Sa to Sb MHQ(sblsa) can be written as 

where matrix R is a rotation matrix. Using the trans­
lation operator Eq. (11), a transfer matrix of the HQFC 
MHQ(Soutlsin) can be divided into products of small cell 
matrices: 

N-1 

MHQ(SoutiSin) = IJ MHQ(Si+llsi) 
i=O 

where { Si li = 0, ... , N, so = Sin, SN = S0 ut} is a divi­
sion of the region [sin, Soutl· Applying the equal weight 
division and a limit operator to Eq. (12), we obtain 

(13) 

where 6.s is the length of slice: 6.s = (sout - Sin)/N. 
Considering that a thin helical quadrupole is equivalent to a 
thin quadrupole under the linear approximation, the trans­
fer matrix MHQ(6.sl0) in Eq. (13) can be replaced by a 
transfer matrix of a thin quadrupole MQ(Ll.siO). Let us 
introduce the matrix Mcore to denote the infinity matrix 
product in Eq. (13) as follows: 

(
N-1 ) 

Mcore(s) = lim 11 R(- kNs )MHQ( ~IO) 
N->oo 2 N 
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The infinite matrix product Mcore is the products of the 
cell matrix R( -ksj2N)MQ(s/NIO). The explicit repre­
sentations of R(dO) and MQ (dsiO) in the transversal phase 

space(x, x', y, y') are given by 
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where K, q and p are the field gradient of the quadrupole 
field ( -qk if!o/ 4p), the charge and the momentum of the 
particle, respectively. Because the sign of the parameter K 
can be chosen without loss of generality, we will assume 
that K is positive hereafter. 

3.2 Eigenvalue Analysis and Stability Condi-
tion 

Let us derive the Eigenvalue and the Eigenvectors of the 
infinity product in Eq. (14) from those of the cell matrix. 
The Eigenvalue problem of the cell matrix indexed by s j N 
is defined as 

A ks 
>-.i(s/N)xi(s/N) = R(- 2N)MQ(sfNIO)X;(sjN). (17) 

Using the Eigensolutions of Eq. (17), the Eigesolutions 
of the infinity product Mcore are described as follows: 

Xi= lim xi(s/N), )..i = lim 5.i(s/N)N. (18) 
N-.oo N->oo 

After some mathematical operations, we can obtain the 
Eigensolution of the matrix Mcore as follows: 

(>-.1 , )..2 , )..3 , )..4 ) = ( e-iWHS l e+iWHS l e-iWLS l e+iWLS) l ( 19) 

where WH and W£ are y'k2/4+ K and y'k2/4- K, re­
spectively. The set of the Eigenvectors is 

X = [x1, x2, x3, X4] = 

( 
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where the vector set X forms the basis of the Eigenspace. 
When both WH and WL are real, the solutions are periodic 
and the corresponding motion of a particle is stabilized. 
Thus the stability condition is given by 

k 2 2 
O<K<-=!!._ - - 4 p· (21) 

The transfer matrix MHQ can be constructed by )..i and X 
as follows: 

M ( I ) ( ksout ) ksin HQ Sout Sin = R - 2- Mcore(Sout-Sin)R(--2-), 

M,M,(s) =X ( >., O A, A, OM ) x-1. (22) 
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Explicit representation of Mcore ( s) is given by 

M=•(s) = ( 

Cp g~ (gpSp- ~) §.m. g~ (Cm- Cp) 

} g.,. Cp cosgps 
_JS..JLS Cp 0 Sp 

Cm cosgms L gp P gp 
_§z g~ (Cp- Cm) Cm g~ (~ -gmSm) Sp singps 

gp Sm = singms 
0 _§.m. 7rJLS Cm gm Lgm m 

1rS r;-;-: ~ 
8 = L' 9p = y 1 + g, 9m = y 1- g and (23) 

4 POINT-TO-POINT FOCUSING 

Considering the transportation of a secondary beam, the 
point-to-point focusing characteristic is useful. Let us dis­
cuss about the condition of the point-to-point focusing. 

The transfer matrix in Eq. (22) is described by the ma­
trix Mcore except a coordinate rotation. These coordinate 
rotation matrix is unrelated to the property of the point fo­
cusing. The core matrix Mcore has two different frequency 
of the oscillation in the Eigenspace and these two oscilla­
tion is not isolated in the real phase space. Thus in order 
to focus by point-to-point, two oscillation phases WHS and 
WLS have to be multiples of 1r and the difference of two 
phases (wH - WL)s should be a multiple of 21r: 

3s,p, q, n WHS = p7r, WLS = Q'Tr, (WH- WL)S = 27rn 

s E R, p,q,n EN (24) 

In order to obtain the minimum period of the point-to-point 
focusing, the rational number p / q should be irreducible ra­
tional. Thus the dimensionless focusing parameter G and 
the minimum period so is obtained as: 

4K p2-q2 ~ 
k2 p2+q2' so =Ly~ 

gcd(p, q) = 1, p > q, p, q E Odd (25) 

For example, the minimum period so and the focusing pa­
rameter G, which corresponds to the minimum period so, 
is 0.81r2 "" 7.9 and ../5L, respectively. 

Let us estimate the cross section of the beam from a point 
source. Using the notations in the transfer matrices in Eqs. 
(22),(23), a beam boundary that began from a point source 
is given by: 

(X) Lr' (g S - §.m. p p g.,. 

Y = g1r Cp- Cm 
Cm- Cp ) (cosO) 

§z- gmSm sinO ' 
gp 

(26) 

where r' and 0 are the divergence of the initial beam and the 
azimuthal angle of initial beam, respectively. From the es­
timation of the capture range against the initial divergence 
under the linear approximation [5], the upper limit of the 
product Lr' is about 0.8 times of the bore radius of the 
HQFC. 

Because the transformation in Eq. (26) is linear, the scale 
factor of the cross section is obtained as the detenninant 

of the transformation matrix from the theory of the linear 
algebra. Thus the cross section S(s, G) is written down as: 

27r4 - G2 . v'1r2 - Gs . V1r2 + Gs 
-;:;--:;::::::;:=~ SID SID ) • (27) 
21r2J1r4 _ Q2 L L 

The peaks of the logarithm of the S(s, G)-1 in Eq. (27) 

10 

Figure 3: The cross section of the point source beam 

shown in Fig. · 3 are the points on which the beam cross 
section shrinks. Thus the HQFC might be usable as a mo­
mentunl discriminator by combining with a collimator. 
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