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Abstract of the flux density of the hysteresis curve. In other words, 
the time constant relates to an incremental permeability 

Leakage flux of an electromagnet is considered to at the final field level. 
shorten a gap length effectively which dominates a strength Because the eddy currrent occurs as time-varying phe­
of a magnetic flux density in an iron core. Because a tran- nomenon, we apply Faraday's law which includes a term 
sient eddy current occurs inside an iron core, its time of time derivative of the flux density. On the one hand, 
constant becomes longer when the leakage flux is larger. we apply Ampere's law to a magnetic field for a mag­
In addition, the leakeage flux is larger when the perme- netic circuit. In order to incorporate two equations, we 
ability of a core is larger. A leakage flux ratio is usually have to rewrite Faraday's law by a time derivative of the 
several times as much as unity; so that a time constant is magnetic field as 
several times longer in comparison with that of a simple 
case of no leakage flux. 

An analytical expression for a transint eddy current 
is formulated by two-dimensional simultaneous Laplace's 
transformation for space and time. This expression makes 
clear that a transient eddy current causes a spatial dis­
tribution of a flux density both at a gap and inside a core 
with long time constant. 

1 Introduction 

A transient eddy current in a core of a solid-iron elec­
tromagnet is induced by a change of an external magnetic 
flux density due to a sudden change of coil current with 
time like a step function. A spatial distribution of the 
transient eddy current oscillates simply in such a form 
as a cosine function without a skin effect occuring in the 
case of ac variation. The transient eddy current then dis­
turbs the spatial distribution of the magnetic flux density 
with time at a gap and causes also the time-varying mag­
netic flux density in the core. A voltage is then induced 
on the coil like a reactor transformer in such a manner as 
non-perfect mutual coupling. 

An equation for an eddy current phenomenon is same 
as Fourier's equation for heat conduction in principle be­
cause a displacement current in Maxwell's equations is 
neglected. A theoretical study on the transient eddy cur­
rent phenomenon was carried out when a coil current is 
switched from a steady flow to zero at a given moment[l]. 

An experimental study on the field transition was car­
ried out for an isochronous ring cyclotron[2]. The transi­
tions were measured from the field strength of 1.25 T at 
a magnet gap to different field levels. The time constant 
depends on the field level and it was much shorter for the 
higher levels than for the lower levels. The longest was 
46 minutes but the shortest was several minutes so that 
the time constant ranges several times depending on the 
final field levels. 

It should be noticed that the dependence of the time 
constant on the field level seems to be the field derivative 

rotE 
aB 
at 
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aH at 

so that we introduce the incremental permeability 

in a natual manner. 

(1) 

(2) 

In addition, in order to incorporate the incremental 
permeability in the time constant, we introduce a leak­
age flux[3] and we then assume that the leakage flux ratio 
depends on the permeability in an appropriate manner. 
Because the leakage comes from ferromagnetic character­
istics of the iron core, a large permeability results in a 
large leakage. 

2 Formalization of Eddy Current Phenomenon 

2.1 Model of electromagnets with axial symmetry 
A cross section of a magnet is assumed to be a uni­

form circle through the yoke in the shape of the closed 
ring with an air gap. The external field is supplied by 
uniform windings of a coil surrounding the ring. The 
symbols associating with the magnet are defined as g for 
the gap length, 1 for the yoke length, r 0 for the pole 
radius, and N for a turn number of coil windings. As 
known later, an eddy current phenomenon occurs in such 
a mechanism as a reactor transformer, we introduce a 
voltage, V0(t), which energizes a coil through a resistance 
of the coil, R. 

We assume the field distribution with axial symmetry 
and it is thus adequate to choose cylindrical coordinates 
(r, 0, z) along the magnet axis. It is assumed from the ax­
ial symmetry that magnetic flux densities and magnetic 
fields have z-components only, electric flux densities and 
electric fields have 0-components only and a coil current 
and an eddy current have also 0-components only. 
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Because all of fields and currents have a single com­
ponent, a suffix standing for a direction is omitted. On 
the other hand, these quantities are denoted by suffixs a 
and c, respectively, at the air gap and in the iron core. 

2.2 Equations for transient eddy current phenomenon 

When a voltage being applied to a coil is switched 
from a certain value at an initial steady state to another 
at a final steady state, a transient eddy current occurs in 
the iron core as a time-varying phenomenon which is a 
deviation from the final steady state in such a mechanism 
as a reactor transformer. 

1 {) obc(r,t) 
(12) - 8 {rE(r, t)} = 

at r r 
0:2 

bc(ro,t) = lo-Ni(t) (13) 

Ri(t)- v(t) = 2n0N E(r, t) (14) 

where 
0:2 = lo-

(15) I . 
!'L>. + -;//;; 

2.3 Two-dimensional simultaneous Laplace's transforma­
tion 

Ampere's law now includes an effect of an eddy cur­
rent in such an expression as 

In order to solve a flux density and an electric field for 
transient eddy current phenomenon at the same time, we 
perform two-dimensional simultaneous Laplace's trans­

(3) formation for them as lHc(r, t) + gHa(r, t) = N I(t) + o-l jro E(e, t)de 

where o-E(r,t) denotes an eddy current due to an electric 
conductivity of the iron core, o-. 

The expression is dealt with a division into two equa­
tions; the one is a radius derivative and the other is a 
boundary condition at r = r0 . 

1aHc(r,t) + g oHa(r, t) = -o-lE(r,t) 
or or 

lHc(ro,t) + gHa(ro, t) = N I(t) 

(4) 

(5) 

Faraday's law is now meaningful due to non-zero time­
varying terms as 

F(q,p) = L2D{bc(r, t)} 

G(q,p) = L2D{E(r,t)} 

where q and p correspond to r and t, respectively. 

(16) 

(17) 

After Ampere's law and Faraday's law being Laplace's 
transfromed and being differentiated by q appropriately, 
we obtain 

(18) 

(19) 

where the function C(p) depends p only. 
~~{ ( )} __ oBc(r, t) , r E r, t - , . 
r vr vi 

(6) Now we perform inverse Laplace's transformation about 

In addition, Kirchhoff's law for voltage and current 
is incorpolated as 

RI(t)- V(t) = 27rroNE(ro,t). (7) 

In order to formulate the eddy current as time-varying 
terms, we subtract values of the final field level from these 
quantities and we stand for them by small letter with 
appropriate suffixs although electric field generating the 
eddy current is denoted by the same capital letter, E(r, t). 

For example, 

q to these equations, 

f(r,p) 

g(r,p) 

L; 1{F(q,p)} 

C(p)Jo(jo:ryP) 

L; 1{G(q,p)} 

jo:Vft 
- 2-C(p )It (jo:ryP) 

0: 

(20) 

(21) 

bc(r,t) = Bc(r,t)- BcJ(r),etc. 

where Jo(x) and lt(x) represent Oth and 1st order Bessel's 
function respectively. 

(8) From the boundary condition and Kirchhoff's law be-

where a suffix f stands for the final field level at the 
steady current flow of the coil after the eddy current dis­
appears due to its perfect decay. 

Now consider the incremental permeability, J.l!:!,., be­
ing kept constant and leakage flux ratio, k, being kept 
constant for the eddy current phenomenon 

ing Laplace's transformed by q, we obtain a relation at 
r = r 0 

Rlo-
o:2Nf(ro,p)- w(p) = 27rroNg(r0 ,p) (22) 

where w(p) represents Laplace's transformation of v(t). 

bc(r,t) = P,!:!,.hc(r,t) 

bc(r,t) = kba(r,t). 

Substituting the above expressions to the boundary 
(9) condition, we obtain the function C(p) and then obtain 

(10) 

Expressions for Ampere's law, Faraday's law, a bound­
ary condition, and Kirchhoff's law are then rewritten as 

abc( r, t) _ 2 E( ) 
or - -o: r, t (11) 
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where K, (3, and z are defined as follows; 

K = a 2N = 1 N 
RifT - 1 + _L R 

I-'D. kp.o 

21rN2 

(3 = RifT 

z = jaroy'p. 

2.4 Solutions for sudden voltage change 

(25) 

(26) 

(27) 

For the simplicity, a voltage change like a step func­
tion is considered in this paper; so that w(p) becomes a 
constant value, w 0 because v(t) is treated as the delta 
function. 

varies depending on the hysteresis curve. 

3.2 Comparison of the prediction with the observa­
tion 

We choose parameters as 

J.lo = 471' x 10- 7 

!._ = 110 
g 

ro = 1 

Z1 = 2.4 

(33) 

(34) 

(35) 

(36) 

(37) 

We perform the inverse Laplace's transformation about and then we obtain the time constant as 
p to f(r,p) and g(r,p) by using Heaviside's expansion 
theorem. In addition, assuming a small value of (3 and 
ignoring the second term of the denominator, we obtain 

(28) 

(29) 

where Zn is the n-th zero root of Oth order Bessel's func­
tion to satisfy Jo(zn) = 0 and Tn is the time constant; 

( )
2 

2 ro 
Tn = 0! Zn -1,.----l+_fT _ _fL_ ( :: ) 2 

I-'D. kp.o 

(30) 

3 Discussion 

3.1 Behavior of the time constant and the amplitude 
The expression of the time constant can be adopted 

for various cases according to appropriate choice of pa­
rameters. 

For a magnet with an air gap, when an incremental 
permeability is large enough, the time constant is ob­
tained as 

l ro ( )
2 

Tn ""' k-a'f..lo -
g Zn 

(31) 

It is known from the expression that the time con­
stant is independent of the incremental permeability ap­
proximately. 

An amplitude of the magnetic flux density at the air 
gap, ba(r, t), is given as 

K J.loN _,.._, --wo 
k gR 

(32) 

because of a relation of bc(r,t) = kba(r,t). 
It is known from the expression that the amplitude is 

not affected by the leakage flux ratio and the incremental 
permeability. 

It should be noted that the incremental permeability 
depends on the hysteresis curve so that the time constant 

r""' 2k minutes. (38) 

If one assuem that a leakage flux ratio, k, varies from 
3 to 24 by a factor of 8, the time constant ranges from 6 
to 48 minutes. 

A leakage flux ratio of 24 seems to be very large al­
though a leakage flux ratio of 3 is acceptable. It should be 
noted that an incremental permeability at the low mag­
netic field level is very large in comparison with a value 
of so-called permeability. 

4 Summary 

We tried to formalized the transient eddy current 
phenomenon in the electromagnet by introducing the leak­
age flux. An analytical expression for a simplified model 
of a magnet was obtained by means of two-dimensional si­
multaneous Laplace's transformation for both space and 
time. 

The time constant is expressed approximately by a 
leakage flux ratio, a ratio between the yoke length and 
the gap length, an electric conductivity of the iron core, 
and the permeability of the air gap. The prediction of 
the time constant based on the leakage flux ratio seems 
to be comparable with the observation which depends on 
the final field level when the leakage flux ratio becomes 
large for a large permeability. 
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