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INTRODUCTION

The momentum spread of the debunched beam is
varied by this method which is used in the normal
operation of slow extraction mode at KEK-PS main ring.
The forced oscillation of quadrupole mode is excited
before debunching, and RF voltage is switched off at a
phase of the quadrupole oscillation. The momentum
spread of the debunched beam is determined by this
phase.

A PICTURE OF QUADRUPOLE OSCILLATION

Consider the distribution of protons in Ap/p-
[} f—phase plane. The ‘quadrupole oscillation will not
be observed when the bunch is matched with the trajec-
tory of a synchrotron oscillation. If the axis of the
phase plane are normalized such that the synchrotron
motion is represented by a circle, the matched bunch
occupies the area enclosed by a circle.

When the occupation of protons in the bunch is a
ellipse in the normalized phase plane, the ellipse
rotates around the center of the bunch with the fre-
quency of synchrotron oscillation as shown in Fig. 1.
Since we can observe the projection of the distribution
onto the ¢__-axis, the oscillation of bunch height (or
width) is observed on the bunch monitor. The frequency
of the observed oscillation is the twice of that of the
synchrotron oscillation. This is a picture of the
quadrupole oscillation.
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Fig. 1 The rotation of the bunch for one half

period of the synchrotron oscillation.

EXCITATION OF QUADRUPOLE OSCILLATION

In order to excite the quadrupole oscillation,
"shase-shake method", which was previously used for
artificial blowup of the emittance during accelera-
- tion, is employed.

The method given by H.G. Hereward, which gives
only qualitative behaviour of the oscillatign, is used
for explaining the mechanism of this method!’.

The phase equations expanded to 3rd order in q = ¢
- ¢g are .

P = aq + byq? + baq®

. (1)

p=-ap+u

_ AE - 2mnh (1/2
where p = B (eVEcos¢0) ’
W,
a=—L (——ﬂhsysggiﬂél/z (synchrotron frequency),
B 27E .
a

by = - 5 tandg ,

and b3z = - %—g .

1)
The synchrotron frequency a is positive below
In Eqs. (1), the following

The other notations are the same as that of Refs.
and 2).
transition, negative above.
expansion is used.
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2 3
sin(¢g + q) - sind = cos¢p(q - %— tangg - %— + ...0)
Since the terms in Eqs. (1) containing q? and q3
can be neglected for small amplitude oscillation, Egs.
(1) describe the motion whose trajectory is given by
a circle. Therefore Eqs. (1) are already normalized.
In order to separate the oscillation of the center

of mass (coherent part) and the relative motion (in-
coherent part), we divide the parameters into two
parts;
q=gq+3q
p=p+dép .
Then Eqs. (1) can be divided into two sets of equa-
tions. For coherent part;
p = (a +bq + b3a?)g
. (2)
a = - aE + wyp
and for incoherent part;
& = (a + 2byq + 3b3q?)éq
(3)
6& =-adp ,
where terms higher than 6q2 are neglected. Note that

Eqs. (2) are just the same as the phase equations (1),
while Eqs. (3) describe the motion whose frequency is
slightly different from that of synchrotron oscilla-
tion.

In order to describe the quadrupole oscillation,
we use the following transformations.

z = sz + qu
x = 8p2 - 8q? %
y = 28p - &q

We get the following equations taking the dif-

ferentiations of Eqs. (4) with respect to time, and
using Eqs. (3),
z = (2byq + 3b3q?)y
x = (2a + 2byq + 3b3q?)y (5)
y = - (2a + 2byq + 3b3q¥)x + (2bpq + 3b3qz .
Taking the average for particles, and assuming z = 03
A=0  (z =A = const.)
X = 2ay (6)
y = - 2ax + 2bjAq + 3b3Aq?

where higher order terms in frequency are neglected
since they are much smaller than 2a. Eqs. (6) describe
the motion with oscillation frequency 2a, and they con-
tain the terms of the external forces. As it is easily
understood from the transformation (4), the quantity x
has a large value when the bunch is high (or narrow in
width), and vice versa.

The phase-shake is now described by Egs. (6).
this case q is given by,

In

= K sinw t
4 q

where K is a constant depending upon the amplitude of
phase-shake and mq the frequency of the shake.



In case of no acceleration where ¢y = 0 or m,
therefore by = 0, Eqs. (6) can be written as a 2nd-
order differential equation;

X + ba%x = 6ab3AKzsin2wqt . 7)

The solution describing the forced oscillation is given

by
- 2
x(t) = - ——égiég—g—‘{a(COSZw t - cos2at)
4(a® - wq) q
+ 2(a? - w?)sin2at . 8
( 2 Y (®)
The resonance occurs at w_ = a. If we put w = a + Sw
and assume 28wt << 1, Eq. %8) can be rewritten as
2(e) = - %-bgAKzt sin 2at 9

During acceleration, q and 62 terms can excite
the quadrupole mode. Since the effect from az term has
already been shown, the equation containing q term must
be solved;

X + 4aZ X = habyAK sinw £ .
The solution describing the forced oscillation is

- 4ab,AK “q .
x(t) = 755%72:_65 (siant - E% sin2at)

It also resonates at wq = 2a, and is written as

x(t) = boAKRt{cos2at - sinZat/(Za)} .

These results explain why the phase-shake during
acceleration is effective ‘at the frequencies of a
and/or 2a.

DESCRIPTION OF THE BUNCH ROTATION

In order to calculate the momentum spread, we use
the ellipse parameters o, B, andy for describing the
bunch in phase space. The bunch ellipse is given by .

E/m = (q% + (aq + BP)2)/B
where E is the area of the bunch in phase space, p and
q are the same quantities used in Eqs. (1).

If the bunch height is a maximum at t =
ellipse is given by

(q%/ﬁo + Bopﬁ) s

0, the

E/m = (with 0 < By < 1) .

The integration of Eqs. (1), with by = bg = 0 and w; =
0, gives the transfer matrix of the particle from t = 0
to t;.

cos at; , - sin at)
R=(
sin at; , cos at;
The transfer matrix of the e}lipse parameters can be
calculated from this matrix5’. And we can get the

ellipse parameters at the time t;

Y1 = (cos?at;/Bg + Bosin?aty) ,
a1 = (Bg - 1/Bg)sin at; cos at; ,
By = (Bocoszatl + sinzatl/Bo)

The equation of B; gives a half width of the bunch at
t13 )

q) = YEBy/m = qoVcosZat; + sinat,/Bf

(10)

where qq (= (EBO/w)llz) is a half width of the bunch at
t = 0.
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We assume
the time t;.
is given by

1, 0)
(V(tz-tl)/Pl s 1 s

where V = Aer = R|nluw (Ap/p)»
ous, w_ the revolution frequency, and n =

that the RF voltage is turned off at
The transfer matrix from t; to tp, (> tp)

T =

R is the machine radi-
1/v2 - 1/y2.

he ellipse parameters at the time t, "are given
by

yi = (1 +ad)/8;

ap = o1 - V(1 + ad)(ty - £1)/(p1B1)

B2 = By - 201V(tp - £1)/p)

+ (1 - a){v(ty - tl)/Pl}z/Bl
A half width of the bunch at t, is given by

2 a1l - 2019(e; - £1)/(B1py)

42 = (EBp/m)
+ (1 + oD V(es - t1)/BrpI2) 2

Assume that q; = 2q;, in other words, bunch height at
to is one half of the height at tj.

V(ty - t1)/py = 18/ (1+af) +

Y{a18,/ (14+af) 1% + 38%/(1+a®) .

Substituting V,

- __P1B) o Nﬁ a; |2 3
P "Rlnlwrtdb{1+af+ 1+af) +1+af}’ (11)

/2

where t,. =ty - t}. Since pj = (E/wBl)1 = q1/B1»

db

VA

af)

- q1 [+ N [+ 3 }
P Rlnlwrtdb {1 + af'\/(l + 1w af J° 2

From Eq. (12), we can calculate the value of Ap/p. LI
we take the value of full width of the bunch for qi,
Eq. (12) gives the full width of Ap/p.

THE EXPERIMENT AND RESULTS

The setup of the equipments is shown in Fig. 2.
The RF voltage of the cavity is switched off at 20 msec
after P3 (the end of acceleration) pulse. We can ad-
just the momentum spread of the coasting beam by chang-
ing the delay time of the pulse which triggers the
sine-wave generator. The examples of the forced oscil-
lation of the quadrupole mode are shown in Figs. 3 ~ 5.
The variation in momentum spread is plotted in Fig. 6.
The shaking amplitude in RF phase is nearly 20° of
angle. In calculating the momentum spread, we used the
measured values = of 51 and typ 3t each delay time, and
used Eq. (12) with By = 0.5. The quantity §) is the
value of half 'width measured at nearly 10 % of the
bunch height.

CONCLUSION

Though the variation of the momentum spread is
only from *0.4 % to * 0.2 %, this is a useful method
to regulate the momentum spread of the extracted beam.
When we adjust Ap/p = * 0.4 %, the RF structures in the
spill of the slow extraction are not observed.

ACKNOWLEDGEMENTé

The authoers wish to express their appreciation
to Assist. Professor S. Hiramatsu for his discussioms.
They also express their appreciation to Professors T.
Kamei and M. Kondo for their interest on this work.



REFERENCES'

1) H.G. Hereward, Proc. Int. Conf. on High Energy sé Variable Sine —Wave
Accelerators, 236, (1961). Delay Generator
2) E.D. Courant and H.S. Snyder, Ann. Phys. 3, 1,
(1958).

3) D. Boussard, CERN MPS/SR/Note 70-18.
4) E.C. Raka, IEEE NS-16, No.3, 182, (1969).
5) C. Bovet et al., CERN/MPS-SI/Int (1970).

RF Phase-
Oscillator —'@—'RF Power Amp.

Fig. 2 The setup of the equipments.

Fig. 3 The forced oscillation of the quadrupole
mode. The RF voltage is switched off at the
phase of a maximum Ap/p.( Delay time = 16
msec. )

st trace; Fast intensity monitor.

2nd trace; Phase difference between the
bunch and the RF voltage.

3rd trace; RF voltage.

Fig. 4 Delay time = 15 msec. Fig. 5 Delay time = 14 msec.
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Fig. 6 The variation in momentum
spread vs. delay time.
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