
MODE COUPLING THEORY 

Toshio Suzuki, Yongho Chin and Kohtaro Satoh 

KEK, National Laboratory for High Energy Physics 

A mode coujling theory for bunched beam instability, which is similar to 
Satoh's theory 1 , is developed for a Gaussian beym· The theory converts 
Sacherer's integral equation with mode coupling2 into a matrix eigenvalue 
problem. The present theory assumes well-defined azimuthal modes and takes 
into account radial modes which are expressed as superpositions ~f orthogonal 
functions. The method is an extension of the method of Besnier 3 who applied 
it to solve Sacherer's integral equation without mode coupling. 

We start from Sacherer's integral equation with mode coupling2 ) 
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where R (r)exp(im~) is a perturbed distribution function for azimuthal mode m, 
the var~ables r and ~ are defined by 
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and ~ 0 (r) is an unperturbed stationary distribution function. The other nota­
tions are defined as follows: 
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We first note from eq. (1) that 
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and the functional dependence of R (r) for positive and negative m is the same 
except for constant factors. ThusiDwe expand R (r) as 
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normalized as 

(6) 



The weight function W(r) is defined as 
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where the normalization constant C is chosen as 

2rr v E a2 
s c 

N e 01. 

(7) 

(8) 

Here v is a synchrotron tune given by 51 /wo, a is the rms bunch length divided 
by thesaverage radius of a storage ring ~nd N is the number of particles in a 
bunch. For a tfu~1ian bunch relevant to an electron storage ring, the orthogo­
nal function fk m1 (r) is chosen as 

(9) 

where ~jmj)(x) is the generalized Laguerre function. 

Using the orthogonality relation (6), Sacherer 1 s integral equation (1) is 
transformed to the following matrix equation 
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Using the explicit form of eq. (9), we obtain 
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Equation (10) is the matrix equation we have to solve. 

The theory is applied to explain the bunch lengthening observed at SPEAR 
II. Though qualitative explanation can be obtained, there is a discrepancy of 
several factors. The discrepancy is ascribed to our imperfect knowledge of 
coupling impedance or to neglected effects such as radiation damping and quan­
tum excitation. The details of this work will be published elsewhere. 
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