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Abstract
The study of a variational autoencoder-assisted multi-

objective optimization scheme for the design of RF cavi-
ties in a ring cyclotron is presented. The cavity geometry
is parameterized using Non-Uniform Rational B-Splines
(NURBS), with control point positions and weights acting
as the design space. A variational autoencoder is trained to
learn low-dimensional latent representation of NURBS pa-
rameters, allowing optimization processes to run efficiently.
Multi-objective optimization is performed in the latent space
using differential evolution, with objective functions evalu-
ated using an ensemble of neural network surrogate models
trained on eigenmode simulations from Ansys HFSS. Both
the surrogate model and the variational autoencoder are pe-
riodically retrained during the optimization process using
new simulation data, improving the accuracy. This approach
shows the possibility of combining dimensional reduction
with surrogate-assisted optimization for complex RF cavity
design of a particle accelerator.

INTRODUCTION
Variational autoencoders (VAEs) are a type of artificial

neural network architecture capable of learning a compact
and continuous latent representation of high-dimensionality
data [1]. Although VAEs were originally developed for
unsupervised learning and data generation, they have also
found applications in design optimization by means of effi-
cient complex parameter space exploration through latent
space manipulation [2]. VAEs can serve as dimensional-
ity reduction tools that preserve design diversity while re-
ducing the decision space. This is useful for engineering
design problems with costly numerical simulation, such as
the optimization of radio frequency (RF) cavities in particle
accelerators [3].

RF cavity design, except for the very high frequency
ones [4], generally involves adjusting the shape of the cav-
ity [5]. For a given cavity material, some quantity of interests,
such as the resonant frequency, shunt impedance, quality
factor, depend significantly on the geometrical shape of the
cavity. Optimizing the shape of the cavity is therefore an
important step to achieve an efficient and high performing
cavity under various constraint limits.

In this paper, we propose a constrained multi-objective
evolutionary algorithm with dimensionality reduction,
named Latent-DE-NSGA-II. As the name implies, the muta-
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tion and crossover operations are performed using differen-
tial evolution [6] while non-dominated sorting (NSGA-II)
is used as the selection algorithm [7]. The optimization
framework was extended from our previous study on the op-
timization of an RF cavity of a ring cyclotron with ensemble
neural network surrogate model as the objective function
evaluator [8]. The focus of this paper is the incorporation of
dimensionality reduction using VAE and evaluating its per-
formance compared to the standard DE-NSGA-II scheme.

METHODS
The optimization of RF cavity using Latent-DE-NSGA-II

presented in this paper was carried out in five stages. They
are cavity design parameterization, data generation using
numerical codes, neural network surrogate training, varia-
tional autoencoder training, and optimization process using
neural network. Each of the stages will be explained in this
section.

Design Parameterization and Data Generation
Electromagnetic field in a closed perfectly conducting sur-

face is governed by Maxwell equation without source. Time
dependence of the field is assumed to be harmonic, that is
𝜓(®𝑥, 𝑡) = 𝜓(®𝑥) exp(−𝑖𝜔𝑡) with 𝜓 representing the compo-
nents of electric and magnetic field and 𝜔 is the angular
frequency of the oscillation. This will result in Helmholtz
equation given in Eq. (1) below [9](

∇2 + 𝜇𝜀𝜔2
)
𝜓 = 0. (1)

For perfectly conducting surface, the electric field and mag-
netic field inside the cavity must be perpendicular and par-
allel to the surface of the cavity, respectively. Specifically
𝑛̂ × ®𝐸 = 0 and 𝑛̂ · ®𝐻 = 0, with 𝑛̂ is the normal vector of the
cavity surface. Assuming that the cavity is filled entirely
with vacuum, the field distribution and properties will en-
tirely be defined by the shape of the cavity (the boundary
conditions). Therefore, optimizing an RF cavity in this sense
would correspond to optimizing the shape of the RF cavity.

In this paper, the shape of the cavity is parameterized us-
ing non-uniform rational b-splines (NURBS) method, com-
monly used in aeronautical and electromagnetic engineer-
ing [10]. In this case, the use of NURBS parameter allows
the cavity to have a smooth and rich design variation while
having discrete inputs. The discrete inputs are important
because it can be used as the input of both neural network
surrogate (for objective function evaluator), and the evolu-
tionary algorithm for optimization. A curve parameterized
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by NURBS are defined by several parameters, they are the
number of control points, the position and weight of each
control point, the knot vector, and the degree of the NURBS.
The details of how NURBS works is avaliable at [11].

In this research, a fourth order NURBS curve is only de-
fined on one quadrant of the cavity cross section (on an x-y
plane). The full cross section is obtained by first mirror-
ing the curve with respect to y-axis continued by second
mirroring by x-axis. The full cavity shape is then obtained
by extruding the cross section along the z-axis. The full
NURBS setup, including control point configuration and
parameter ranges, is not shown here for brevity and can be
found in our previous work [8]. An example of NURBS
curve representing cavity shape is given in Fig. 1.

Figure 1: Cross sectional cavity shape generated using
NURBS.

The cavity shape obtained using NURBS parameter is
then rewritten in a format understood by Ansys HFSS soft-
ware. 20000 cavity variations are sampled using latin hy-
percube sampling [12] then numerical calculation to solve
the Helmholtz equation with the cavity walls as the corre-
sponding boundary condition is performed. Several quantity
of interests are extracted from the simulation, they are the
lowest resonant frequency ( 𝑓 ), the maximum electric field
divided by accelerating gradient (MaxE/Vacc), and the shunt
impedance (𝑅). Both of the shunt impedance and acceler-
ating gradient are calculated using the same integral line,
which stretches from the midpoint of one accelerating gap to
the midpoint of the other accelerating gap. All of the input
parameters and output parameters are then normalized for
training data of the neural network. For shunt impedance, in-
version operation is performed first (resulting in 1/𝑅) since
it is easier to do minimization during the optimization pro-
cedure.

Neural Network Surrogate Model and Variational
Autoencoder for Dimensionality Reduction

A standard artificial neural network can be thought of a
nonlinear curve fitting algorithm capable of approximating
any function given the enough neural network parameter [1].
Given enough data, it can be trained to replace a conven-
tional and more computationally expensive conventional

solver, thus the name surrogate model [13]. Training in
this context means adjusting the model parameters (called
the connection weights) so that the neural network predic-
tion matches the data [1]. However, there is a problem of
data overfitting where the network could predict the training
data correctly but fail to generalize. When the network has
too many parameters for a given dataset, there are many
combination of neural network parameter that could give
correct output prediction. Thus, it is desirable to know the
uncertainty of neural network prediction.

In this paper, the uncertainty of neural network prediction
is obtained by using ensemble neural network. There are
several types of ensemble neural network, such as bagging,
boosting, or stacking [14]. The one used in this paper is
bagging, specifically by training fifty identically structured
neural network with different connection weight initializa-
tion. This way, the network will still give a similar predic-
tion for the output dataset, but the difference of them on the
data-scarce region can be used to quantify the uncertainty.
Specifically, ensemble neural network calculates the average
and variance of each output parameter. The optimization
algorithm can be modified to prioritize the prediction with
low uncertainty, making the optimized result more reliable.
The network architecture used in this research is shown in
Fig. 2.

Figure 2: Neural network surrogate model trained on Ansys
HFSS data.

An autoencoder is a type of artificial neural network aimed
for dimensionality reduction or feature learning [1]. The
main idea of an autoencoder is that the network is trained to
reconstruct the input. The middle hidden layer part of the
network can be made to have smaller dimension (smaller
number of neurons). This bottleneck is called the latent
space, while the layers before and after the latent space layer
is called the encoder and decoder, respectively. For dimen-
sionality reduction of optimization algorithm search space,
the encoder part can be discarded and the optimization is run
entirely on the latent space, called latent space optimization
(LSO) [2]. The latent space input is first decoded and the
result is then passed to objective function evaluator. Note
that the autoencoder does not need to be able to perfectly
reconstruct the input. As long as there is some degree of
consistency between the latent space and the reconstructed
space, and that the variation of latent space is diverse enough,
optimization can be performed.

There is a weakness to autoencoder when it is to be applied
for dimensionality reduction. The fact that the latent space
is not regularized means that it is possible that there are
pockets of empty areas between cluster of encoded data
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in the latent space, which will return an unfeasible result
when decoded. Variational autoencoder solve this problem
by enforcing the latent space to have multivariate gaussian
distribution centered around zeros and variance equal to
one [15]. It is done by setting the encoder to output both the
means ®𝜇 and variances ®𝜎2 with the dimension equal to the
dimension of the latent space. After that, the latent space
is randomly sampled with Gaussian distribution, as shown
in Fig. 3. Kullback-Leibler (KL) divergence is added along
with reconstruction loss to enforce ®𝜇 = ®0 and ®𝜎2 = ®1.

VAE is used to reduce the dimensionality of search space
from 10 to 4. The encoder consists of three fully connected
layers, with 256, 128, and 64 neurons, respectively. All of
the layers are activated using rectified linear unit (ReLU)
function. The decoder is identical to the encoder, but the
order of the layers is reversed (64, 128, and 256). A sigmoid
function is applied at the output to enforce the reconstructed
input values within [0,1] range.

Figure 3: Standard VAE architecture.

Optimization Algorithm
In a multi-objective algorithm, the aim is to find the Pareto

front, a subspace of decision space where all of the samples
cannot be said to be better compared with each other [7].
When optimization is constrained, an additional condition is
imposed where constraint-violating samples (infeasible) are
discarded. One of popular algorithm class for constrained
multi-objective problem is the evolutionary algorithm.

In this research, differential evolution based non-
dominated sorting algorithm (DE-NSGA-II) is used to per-
form optimization. Differential evolution is used as the
means for generating new samples through mutation and
crossover operations. Specifically, DE/rand/1/bin is used be-
cause of its capability to avoid convergence to local minima.
Parent and offspring samples are then pooled together and
then selected using NSGA-II, maintaining the population
size. Constraints are handled using constraint-dominance
scheme, where constraint satisfying samples are prioritized
over good performing but infeasible samples.

The objective of the optimization is to minimize both 1/𝑅
and MaxE/Vacc simultaneously, while keeping the resonant
frequency constrained to some value. Here, the frequency
is constrained to 68.9 MHz, with a tolerance of 0.35 MHz.
Population size is fixed to 100, with the mutation rate and the
crossover rate set to 0.5 and 0.9 respectively. Additionally,
the result of Latent-DE-NSGA-II is compared to standard
DE-NSGA-II (without dimensionality reduction) at popula-
tion generation equal to 20 and 500. The first one is used

to check how quickly the algorithms converge, while the
second one is used for final convergence comparison.

The objective functions are evaluated using the combi-
nation of mean and variance from the ensemble neural net-
work [16], as shown in Eq. (2). The constant 𝜂 indicates
how much the uncertainty is prioritized. As the optimization
algorithm will try to minimize both mean and variance, a
small 𝜂 value means that prediction with a small uncertainty
is not prioritized, and vice versa.

Obj(𝑥) = mean(𝑥) + 𝜂
√︁

var(𝑥) (2)

RESULTS
Desktop workstation with an Intel Core i9-14900KF pro-

cessor was used to generate the data. Simulating 20000
cavity samples using eigenmode solver on Ansys HFSS took
about 4 days and 15 hours. NVIDIA T4 GPU on Google
Colab was used for both ensemble neural networks and VAE,
which took 75 and 60 minutes, respectively.

The results related to data generation and ensemble neural
network training are available in the previous publication [8]
and will not be repeated here. The variational auto-encoder
was trained for 4000 epochs, with the use of KL divergence
loss annealing done up to 2000 epochs. 50000 data points
randomly sampled between 𝑥 = [0, 1] were trained with
fixed learning rate 𝑙𝑟 = 0.0005. Total training loss were
shown in Fig. 4. Histogram shown in Fig. 5 shows how
two points in latent space are related to two points in recon-
structed space. A small spread of data indicates that two
close latent space points are also close in the reconstructed
space, meaning that the search space is smooth. However,
zero spread in the distribution is not possible due to VAE
compression.

Figure 4: VAE training loss vs epoch with KL-loss anneal-
ing.

Active learning mechanism is adopted to improve the
surrogate model predictive performance around the given
frequency constraint. Optimization with 200 samples and
100 generation are performed 50 times. To encourage explo-
ration, frequency tolerance is initially set higher (3.5 MHz)
and slowly decreased to 0.35 MHz. The uncertainty constant
is set low 𝜂 = 1 to prioritize mean prediction rather the un-
certainty. Eigenmode simulation using Ansys HFSS is then
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Figure 5: Histogram of output to latent distance ratio | |𝑥𝑖 −
𝑥 𝑗 | |/| |𝑧𝑖 − 𝑧 𝑗 | |.

performed on 542 samples belonging to the combined Pareto
front from each run. The network is then retrained using
newly obtained HFSS data. Figure 6 shows the comparison
plot of neural network and HFSS predictions. MaxE/Vacc
prediction by the surrogate model is less accurate compared
to inverse shunt impedance, which is in accordance to the
result obtained in [8]. However, the network tends to under-
estimate the inverse shunt impedance value for small inverse
shunt impedance. Among all of the samples, inverse shunt
impedance by HFSS did not go below about 1.3 × 10−7Ω−1.

Figure 6: Scatter plot of surrogate model predictions vs
Ansys HFSS simulation results for initial training dataset.

Optimization comparison between compressed and un-
compressed input dimensionality was performed after en-
semble neural network retraining. As previously mentioned,
two cases are considered here: low function calls (100 sam-
ples for 20 generations, which equals to 4000 function calls)
and high function calls (100 samples for 500 generations,
which equals to 100000 function calls). For this case, the
uncertainty constant is set to be 𝜂 = 2 which decrease the
tendency of the optimizer to take samples with uncertain
prediction. Figure 7 shows the objective space plot after
50 generations for Latent-DE-NSGA-II and standard DE-
NSGA-II scheme. It can be seen that due to tight frequency
constraint imposed from the very beginning of the optimiza-
tion, it is difficult for both schemes to achieve convergence
quickly. However, it is quite clear that the objective space
of Latent-DE-NSGA-II scheme is closer to the Pareto front
compared compared to the standard DE-NSGA-II. However,

Figure 7: Scatter plot of objective space for low function
calls of 100 population size and 20 generations.

Figure 8: Scatter plot of objective space for high function
calls of 100 population size and 500 generations.

after 500 iterations, Latent-DE-NSGA-II reached similar
pareto front compared to standard DE-NSGA-II, indicating
that Latent-DE-NSGA-II could also reach the correct Pareto
front (with respect to the surrogate model). However, the
region of low inverse shunt impedance is dominated by sam-
ples from standard DE-NSGA-II. This might be caused by
the inability of the VAE to reconstruct a certain combination
of input. This can be mitigated by retraining the VAE us-
ing the input of the best performing samples, and not using
randomly sampled data [17].

The cavity cross-sectional shape belonging to Latent-DE-
NSGA-II Pareto front are shown in Fig. 9. Cavity number
13 has a smaller MaxE/Vacc of 2.68 with slightly higher
inverse shunt impedance of 1.6 × 10−7Ω, while cavity num-
ber 14 has a larger MaxE/Vacc of 3.045 with lower inverse
shunt impedance of 1.37 × 10−7Ω. Both design satisfy the
frequency constraint with Cavity 13 and 14 has a resonant
frequency of 69.1 MHz and 68.6 MHz, respectively. It is ev-
ident that cavity with tighter curvature around the cone will
produce higher shunt impedance but also higher MaxE/Vacc.
The performance comparison mentioned above shows that
Latent-DE-NSGA-II will converge faster compared to the
standard-DE-NSGA-II, even though the pareto front is not
fully covered especially for low inverse shunt impedance
region. However, this scheme is advantageous for expensive
to evaluate function, such as simulation without surrogate.
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Figure 9: Two cavities belonging Latent-DE-NSGA-II
Pareto front with opposing qualities.

After several iterations, the Latent-DE-NSGA-II result can
be relayed to the standard scheme. Further investigation is
still required to check if similar results are also obtained
using different mutation and crossover method such as by
using SHADE [18].

CONCLUSION
We have investigated a constrained multiobjective latent

space optimization using Latent-DE-NSGA-II and applied it
to the design of RF cavities for a ring cyclotron. The results
show that dimensionality reduction via a variational autoen-
coder accelerates convergence speed towards the Pareto front.
However, the final Pareto front of Latent-DE-NSGA-II is
partially dominated by that of standard DE-NSGA-II. There-
fore, the scheme is useful for expensive to evaluate problems,
and its solution after some generation can be relayed to the
standard solver for further refinement if desired.
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