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Motivation (Questions)

« What is the source of the beam loss ?
« How do rippling magnetic fields affect the beam loss ?

« Can we simulate the beam faster using GPU?
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Each operation can be assigned to each thread.
Execution of each thread can be parallelly done.

Threads in a common block can access the shared memory.

Shared memory is limited (12288 float words) but very fast
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Overview of the particle tracking simulation

Particle Generation Drift, Magnets, Cavity Space Charge Effect

Single Particle Mechanics : Maps between two locations can be calculated in parallel

PIC simulation : Maps requires spatial distributions of particles




Single Particle Mechanics



Hamiltonian
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2 + 2Y02 Po P ~
_ E-Eo e _Pppo ., _ 1
pO' - ,Bop()C’ o=S ﬁot; 6 o po_ 2]/02 po_

Then just have to solve the Hamilton equations. But not always solvable



Symplectic Map

If a Hamilton equation about H can not be solved, The Hamiltonian is divided
into two components like H = Hy + V so that e!fos and ¢S can be exactly
calculated (Hamilton Equations for Hy and V can be solved ) Then, a map
between two components (Length : L) is approximately calculated as

eiHOL/ZeiVL eiHOL/Z

or

1(1 ) , 1L 1
a=-— ——\|,0==,c = —
iHoaL ,—iVbL ,—iHocL ,iVbL ,—iHoal 2 V3 2 V3
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Bendlng Magnets eAS(x):_hx_%hzxz

dispersion Weak focys slippage
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H =~ x hxpa+2h X x pa+2ynz
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_ p(0) P (0) x(s) = —px(0)ps(0)s + x(0)
x(s) = x(0) cos hs + 7 sin hs + 7 (1 — cos hs) Y(s) = —py (0)po (0)s + ¥(0)

P, (s) = p,(0) cos hs — hx(0) sin hs + p,(0) sin hs

y(s) = py(0) s +x(0)  Py(s) =py(0) Yo 2

a(s) = 0(0) — x(0) sin hs + Px(0 (coshs — 1) Px(s) = px(0)
ps(0) " py(s) = py(o)

~Po(0)s + = —=sinhs P (s) = py(0)
pa(s) = pa(o)

2 2
o(s) = G(O)+<pa(g)_px(0) + py(0) )S




Quad Magnets

A :_lk 2 A2
eds(x) = =5 ks (x* = ?)

Jpt4pyt 1 2 .2y | Pxitpy” Do’
H = 2 + 2 kl (X y ) 2 o 2)’02
H, V
eiHoS > (O) ° elVS
x(s) = x(0) cos \/k_ls + \/k_l sin \/k_ls %(s) = —p,(0)p, (0)s + x(0)
P (s) = p,(0) cos \/k_ls — \/k_lx(O) sin\/k_ls y(s) = —py(0)ps(0)s + y(0) , ,
y(s) = y(0) cosh \/k_ls + Py (0) sinh \/k_ls o(s) =0(0) + <Pa(g) — Px(0)” +p,(0) )s
\/k_l Yo 2

py(s) = p,(0) cosh \/k_ls + \/k_ly(O) sinh\/k_ls

o(s) = o0(0)
Ps(s) = ps(0)

Dx(s) = p,(0)
py(s) = p,(0)
ps(s) = ps(0)



Driftt Space

eAg(x) =0

S D S 2 Ps

2

° eiHoS

x(s) = x(0) + (1 — ps(0))p,(0)s
y(s) = y(0) + (1 — ps(0))p, (0)s

2 2
) = o(0) <pa<g) ~ px(0) +p,(0) >S

Yo 2
Px(s) = px(0)
Py (s) = py(0)
PG(S) = pa(o)

Hy
o eiVs
1
Px(S) = —51’62(96(0)2 — y(0)3)s + p,(0)

py(S) = k,x(0)y(0)s + p,(0)
Ps(s) = ps(0)

x(s) = x(0)
y(s) = y(0)
o(s) =0(0)



Sext Magnet

1
eAs(x) = _gkz(x3 — 3xy?)

2 2 2 2 2
Dx” T Dy Dx” + Dy Do 1 2 ,
H ~ 2 2 pO‘ + 2)/02 + 6k2(x 3xy )
| H, | v
° elHoS . elVS
x(s) = x(0) + (1 - Pa(o))px(O)S py(s) = _%kz(x(o)z _ y(O)z)s + px(o)
y(s) = y(0) + (1 — ps(0))py (0)s
o(s) = o(0) + <pa(0) _px(0)% + py(0)2> . Dy, (s) = kpx(0)y(0)s + p,(0)
Yo? 2 B
Px(s) = px(0) Ps(s) = ps(0)
Py(s) = py(0) x(s) = x(0)
Ps(s) = ps(0) y(s) =y(0)

a(s) =o(0)



Acceleration

Vrr i Amplitude of RF voltage, fzr : RF frequency, n : n-th order harmonics, ¢ :
Synchrotron phase

e Cavity

x(s) =x(0) y(s)=y(0) o(s)=0(0) s
pe(s) = pe(0)  Py(5) = py(0) Po() = Po(0) + 005 (sin (T 0(0) + 5 ) —sin )

 Adiabatic Damping (turn by turn)

AE
Pxn+1 = px,n(l 2
n,Bn
Pyn+1 = py,n(l 2
n,Bn
1
AE(1 + F)
Pon+1 = pa,n(l - 121 )

MYnPn



Space Charge Effect

« QOverview

« Histogram Making (Charge weighting)
« Poisson Solver

e Electric field



Overview

92 92 92 X,V,2 0% 9° g@)f (x,y)
( 2+ 2+ 2)(p(xryrz)=_p( 4 ) > g(Z)<_2+F U(X,y)=—
Ox* dy* 0z €0 2D approximation Y fo
Oy, Oy K Oy
1. Make histogram f(x,y) and g(z) «—— The most time-consuming part
2. Solve 2D Poisson equation u(x,y) with boundary conditions*
3. Calculate gradient (kick) — (i 9 —)Ag(z)u(x y) X L A= —° I = Moving Distance
ay’ o mpyp3BpZC2 ’ 9

* Using “polar” or “rectangular” boundary condition depending on the duct shape



Space Charge Effect

« QOverview

« Histogram Making (Charge weighting)
« Poisson Solver

« Electric field



Making Histograms (1)

Polar Coordinate

(7”i+12 - 7”2)(‘9j+1 —0)

(1412 — 112)06

(1% +1%) (041 — 0)
(11412 — 1;%)66

(Ti+1: 9j+1) Q(ri’ Hj) =

Q(ri41,6;) +=¢q

(71, 6j41) (ris12 = 12)(=6; + 6)

(Ti41% — 112)60

(1i+1,6;) Q(r:,0;41) +=q

(—1> +r?)(—6; + 0)
(ri’ 9]) Q(Ti+1; 9j+1) += q (Ti+12 . ri2)59




Making Histograms (2)

Cartesian Coordinate oY an o Fir1 =001 V)
(xi) Yig1) (x 1 Yj 1) (—x; + x)(yj+1 —Y)
i e ¥ Q(xi+1;)’j) += q 5x5y
i =0y +y)
____________ a; Q(xsyj41) += 14 5x5y
E(xfy)
| —X; +x)(—y; +
Q(xi+1»3’j+1) += q( l X 4 )
0x0y
(xl YJ) (xi+1 YJ)



Sub-histograms using shared memory

Block N

Block 1
(x0,¥0 ) — | "ERAEEL Shared Memory CPIEE R [hread Shared Memory
(g, y1 ) —— IR Sub- N CITEP P TeR e [hread Sub-
(x2,y2) histogram 1 (Xk+2) Vier2 1 BANAEEL histogram N
AtomicAdd

l
I
|
!

Sub- Sub-
:—I_ - _I_

Sub-histogram in each shared memory can be made in parallel.
Each thread in a common block adds entries in shared sub-histogram. But use

“exclusive add” operation (called atomicAdd function)

Global Memory




Space Charge Effect

« QOverview

« Histogram Making (Charge weighting)
 Poisson Solver

e Electric field



Poisson Solver (Polar Coordinates)

2D Poisson Equation (Polar Coordinates)

10 ( ou\ 10%u "
;5<r§> —— = f(r,0) Boundary Condition: f(1,6) =0

T r2 0602
Discretization with 9Y _ Yi+1 — ¥
dx Ax

1 Ar\Uipr; — U; A\U;; —Ui_1il 1 U1 —2U;; +U;;
Ti-l-— 1+1,j Lj r—— L,j i—1,j + ,j—1 i,j [,j+1 =f‘
1;Ar 2 Ar 2 A

where, 1; = (i +)Ar, 6;=jA6

r

Ar=——o, A0="
N +

N =



Poisson Solver (Polar Coordinates)

—2 1 0 1
1 2 -1 0
; 2ri—Ar 1 2 2ri—Ar
Using ;= —/—,vi=—5—,0 = ——,7; = —— and =
& Hi 21;Ar?2 Vi ri2A02 Ar2’ b 2r;AG? P 0 1 2 1
i 1 0 1 2
# pilUi—1j +vi(P+6DU;;j +TUiyqj = fi
Here, a matrix Q is introduced
1 |2 2r1-DE-1 2 2m(1-1D(N/2-1). (=11 2 2n(1-1) +2—1) 2 2m(1—-1DWN -1)
\/_N Ncos( N ) Ncos( N ) N - Nsm( ) — |=sin( N )

2 212 -1DIN =1
N n( N )

S

12 2r2-1)(2-1) 2 m@e-1)W/2-1). (-0t |2 m@-D(z+2-1 B
o=| 7§ \/;COS( N ) \/%cos( m ) N ﬁsm( ))

: : N :
1 (2 2r(N-1(@2-1 2 2n(N—1)(N/2—1) (=1)N-1 2 2iN-1D{7+2-1 2 2r(N-1DN-1)
el fﬁcos( Wohe-b, fﬁcos( "W - D072 D, (\/)N —\/%sin( e )) ‘&S‘“( L )

which satisfies QQT =1, QPQT = diag (o)., 0; = —4 Sinz(%




Poisson Solver (Polar Coordinates)

Multiplying QT from the left, the equation becomes

1iQ"U;_1j +vi(Q"PQ +6NQ"U; ; + 1,Q"Usy1,; = Qf;

Vi1 U1
Using <V§'2>=QT<U§'2>@, we obtain below
Vin Uin

v1(0j +6) 7, 0 0
V. . fii
H2 v2(0j +8) 1 0 VZ] O fl’].
: : 5»] — QT 2:'1
0 My Yn-1(g; + &) TN-1 Va s fl\.lj
0 0 KN yn(op+8)[ N |

@ Calculate Q7(f,; f2; - fnj)Tusing FFT
@ Solve N linear equations about (V,; Vz; =+ Vyj))Tj=1--N —
3 Calculate (Uix Uiz =+ Un)"T=0QWVix Viz -+ Vin)T i=1--Nusing FFT

Using advantages
of GPU




Poisson Solver (Rectangular Coordinates)

2D Poisson Equation (Rectangular Coordinates)

0*u 0%u N
WJra_yz = f(x,y) Boundary Condition : f(x,0) = f(x,Ly) = f(¥,0) = f(y,L,) = 0
Discretization with 9 _ Yi+1 ~ Vi i,j=1, ,m
dx Ax

Ui—1,j = 2U; 5+ Uipg Ujjog — 2Ug5 + Ujjyr

Ax? T Ay? = Jij
Odd Extension for x

Ul,j = (Orul,jv u2,jr"'lum,j' O' _um,j'_um—l,jr”"_ul,j)
[=0,,2(m+1)—1



Poisson Solver (Rectangular Coordinates)

Up—1,j — 20U + Uy
Ax?

S 2 . 2p
=0+ (1 —2¢ 2D 4e 12(m+1)2”)u1,j

DFT,(

_ _iz(n?+1)2" 2 _"2(73311)2” 2
)p =Uupjt+e (up; —2uy ;) +e (usj +uyj — 2uy )

i i 2p . 3p
( 2(m+1) —_ Ze 2(m+1) _|_ e_lZ(m‘l'l)ZT[) u2] oo
P D 2D
( 2(m+1) 1+ o 2m+n" 2) (0 +e lz(m+1)2”u1j 1 e 2tm+D " Uy + )
2mi-1
— _45in2 _pr e_Lz(m"‘l)anl,j
Odd Extension fory  2m+1) &

Vl,l’ = (0, Ul,l’ Ul,Zl"'»Ul,m; OJ_Ul,m:_Ul,m—lr""_Ul,l)

=0, ,2(m+1)—1

2(m+1)-12(m+1)-1 ’

r =2V, 0+ Vg ql
l 1,1 Ll +1,1 T[ 2T
DFT. (DFT ( A2 )p)q —TSLTL Z(m n 1) E E 2(m+1) 2(m+1) Vl,l’




Poisson Solver (Rectangular Coordinates)

2(m+1)-12(m+1)—-1 ql’

0%u  0%u 1 pIT 1 qm i Pt on 2n
DFT,(DFTy(— + — —4 in? + in? Z Z 22" " Zm DAy
v "(axz ayz)p)q - <Ax2 St 2(m+1)  Ay? St 2(m + 1)) £ — € ¢ Ll

= —4 L g2 P™ +1 nz 1" DFT,(DFT,(V
= a2 2T D T2y 2t ) P PFL(Vp)q

Odd Extension of f; ;
Fl,O = (01 0101'“101 OJOIOI'..IO)
Fl,l = (O;f1,17 f2,1; "':fm,1;0; _fm,lr _fm—1,1»"'»_f1,1)

Fl,2 = (0;f1,2’ f2,2; "'rfm,2;0; _fm,Z!_fm—l,Zr"'J_fl,Z)

Fl,m = (0, fl,m’ fz,m» Tty fm,m: 0, _fm,mr _fm—l,mr Tty _fl,m)
Fl,m+1 = (0,0,0,---,0,0,0,0,---,0)

Fl,m+2 = (0’ _fl,mv 'fz,m’ Yy _fm,m: 0, fm,m; fm—l,m; Yy fl,m)

2(m+1)—-12(m+1)-1 /

T o L
DFTy(DFTx(f)p)q_) Z Z e 2(m+1)"" o "2(m+1) Fl,l’
1=0 '=0



Poisson Solver (Rectangular Coordinates)

1
— -4 <—sin2

Ax?

p#*0orq+0

p=0andq=0

2u  0%u
DFT,(DFT(5— + W)p)q = DFT,(DFT,(f)p)q

12 N 1 ., qm
2m+1) Ay "t 2(m+ D)

)DFTwaTmp)q = DFT, (DFT (),

DFT,(DFT
DFT,(DFTy(V),)q = — y(PFTx(Fp)q
” . 4( L simz—PT 1 oo 47 )
Ax2” 2(m+1) " Ay?TT 2(m+ 1)

2(m+1)-12(m+1)-1

DFT,(DFT,(V)o)o = Z Z Vip=0 (V7 is odd extension of u;
=0 I'=0

iDFT, (iDFTy(DFT,(DFTy(f),)))y 4= 4 FFTs using GPU

1 .., pn 1 ., qnm )
4(Ax25‘” 2m+ D T a2 2+ D)

Vl,l’ ==

Vl,l, - ul’]



Example

Potential @ a collimator

'

Potential @ a circular duct (R=0.065 m)

.

Vertical Position [m]

r [m]

phi_rect

0.01

0

-0.01

-0.02

-0.03

Hun Aresyiqiy

-0.04

-0.05

-0.06

-0.07

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 O
phi
>
=
O
—
-
QO
-
<<
(-
>
—
0.01F 0.05
_I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
% 1 5

6
¢ [rad]



Space Charge Effect

« QOverview

« Histogram Making (Charge weighting)
« Poisson Solver

« Electric field



Flectric Field

Polar Coordinate

— 01,0:) — 1,0 0:.1)— e
] El: Er(ri;ej) _ (p(rl+1 1)25:0(TL 1 ]) Ee(ri'ej) — Qo(rl ]+1)268(p(r1 Jj 1)
: o T: ,0; =, 0(1i42,0;) — (11, 6; O(Ti41,0i41) — @(1i41,6;—
(7'1+1/»,‘?1+2) ( H-\Z’ 1+1) EZ- Er(ri+1.9j) _ ( i+2 12)& ( L 1) Eg(riﬂ,@j) _ ( i+1 J+1)269 ( i+1,7Yj 1)
//// \\E_) . . ,0. . - ,9- (p r,’g. — (p r.}@.
\‘4'( ) Est E.(r,6j41) = P ]+1)26:0(rl 6+1) Eg(1:,6j41) = r ]+22)59 (.5
g Ti+1, Jj+1
r.,e. ’ s N ] o1 ’9. —lr; ’9.
(\lﬁ_'{-m) (qu%, ej) Ey: Er(ri+1'9j+1) = gD(THZ +12)5r QO(rl ]+1) Ee(rlﬂ +1) N ( - ]+22)5r ( - ])
\ f 3 —)///,/ \\\
//,’ \\Ti+1' 6]) \\\\ T Q(T 0 ) _ Er,G(ri'ej)(ri+1_r)(9j+1_9) + ET@(rl+1 91)(7' rl)(9]+1_9)
(Tz-m 9j+1) . - 5180 5180
Nt T@(rl ]+1)(rl+1_r)(9 ‘9]) r,@(Ti+1:9i+1)(r_ri)(9_‘9])
- \\rL,G) .- @ 5186 Y

'\(T‘ :9 ) (/fi+1» ej—l)
i—1
(*u - 1)

1
E, =E,cos@ _;EQ sin 6

1
E, = E,sin6 +;E9 cos 6



Flectric Field

Rectangular Coordinate Interpolate potential using Bezier Surface
% _______ j” (x ‘ ) 53 3! X = Xi o Xiv1 — X 5
Xi) Yiv2 : i+1 Yj+2 px,y) = mzz Z O (Xiym-1, YVji+n- 1) m! (3 — m)|( )™( Sx ) m
3! y - y] :VJ+1 y 3—n
xn!(3—n)!( oy " ( oy )

Gin) (o) L)
Xi-1,Yj Xi, Y :xi+1r3’j Xiv2, Y]
GO S By = —grad ¢) = G 0(0)



